Orthogonal, Curvilinear Coordinates

Definition

We define a two sets of coordinates for each spatial point: (z, y, z), the normal
Cartesion form, and (&1, &2, £3), a second reference system. The functions &; are smooth
functions of the x; coordinates, §; = &;(x). We define scale factors— the length corre-
sponding to a small displacement d§; by

hi(x) = 1/|V&|

using the ordinary Cartesian form of the gradient. Note that the scale factors depend on
position. We next define unit vectors corresponding to the displacements in each of the

new coordinate directions by
& = h;V¢&; (1)

We will use the following summation convention: indices which appear at least twice on
one side of an equation and do not appear on the other are summed over. Thus the 7 index
is not summed in the previous expression.

The new coordinate system is orthogonal and right—handed if

& - &) = i (2)

and

& - &) X & = €ijk (3)

Transformation of a Vector
If we have a vector given by its three components in Cartesian coordinates

F = Fiei

we can write the components in the new coordinates
Al
F =F,¢

using the projection formula

or
F = i, F; (4)
with o
Yij = & - & = hig—
J
so that
& = 7ij&
We can also transform backwards:
F; = Fivji



This follows from the orthogonality condition

0ij =& - Ag
= Yik€k * Vim€
Yik€k * V5 m (5)
= Vik’)/jmakm
= YikVjk
We also have a triple product rule
VimVjinVkl€mnl = €ijk (6)

The backwards transformation also implies that

_ 10z
7=, 0
and
VriVkj = 0ij (5a)
Gradient

We first show that the gradient transforms as a vector:

0 5= 95 0
61‘1 N 61‘1 BSJ

by chain rule. Multiplying and dividing by h; gives

0§, 1 0

V)i =h; =L ——

(V)i = h; Ox; hy OE; (7)
=7i(V'9);

where the V' indicates the gradient in the new coordinate system with components

(grad ¢); = 359 ®)

i 0
h; O,

Multiplying (7) by vx; and using (5a), we find
(V'O)r = (V)

as in (4).



Divergence
Next we consider the transformation of the divergence,

) ¢,
—Fz — 1 sz,
bz ' hy s o, agj m
1 0 F
h T Vi Ymi 5 agj h '7]1 agj Ymi

10 ., F, 0 1 0z

06y 0 b 06

The second term expands to

FE — 0x; 0 1 F! 0x; 1 0 Ox;

7ji6§76—53_ Fa—gh—a—gagm
, 0 1 E 0 0Ox;0x;
70 by 2hy, h$ 0&m OE; OE;

We then use the fact that

Ox;
E : = E :hJVJZ 3 ji
0§

_ 1.2
_hj

to simplify the last term to
Fo, 0 9

T

M B O A= 2
L 1 B
= o hah 06y, h2hs)
Thus we find
1 0 o 1 1 19
F=—F/ 4 F_— — +F —~_hihoh
v h; OE, TOE; hy + Thihohg h; ¢, 20
1 Lhohs
div F =
hihahs O¢; < )



Curl
Next we consider the curl and show that it transforms as a proper vector; i.e., if

Cm = ijk—Fk

8{13]'

then
0

Vim€ Jk@:c- k

J

should be the i*" component of the curl,

1 0

(CU’T ) OZ € ik h]hk 85]( k k) ( O)

We substitute L 9

F/ — mFm — _ﬂ m

L hi O
into the last expression to find
1 Oz, O 0%z
Cl=€jp—— (ot —Fpy + Fppyeom
g 08, 96, 96,05,

The last term gives zero contribution because it is symmetric in 7 and j while the ¢;;, is
antisymmetric. Therefore

1 Oz, O

C{ZEi‘ — " " F,
]khjhk 0&, 0¢;

1 0z, 0z, O

UKD by 0, OF; Oxy

= €ijkVkmVjn aTFm

We thus are asking whether
0

€ijkYkmYin 87Fm = Yim€mjk %Fk

n j
If we multiply both sides of this by ~;s and sum, we have
0 0
€ijkVisVinVkm aTFm = 71571m6m]k87Fk

n .

j
Using (6) and (5), we find that both sides are equal to

0
snm —Fm
¢ ox

n
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So that the curl (10) indeed transforms properly.

Advective terms
Here we comment that the proper form of the advective terms is found by regarding

Uj (7

Ox;
as a shorthand for
u-u
2

with the gradient and curl operations defined by (8) and (10) respectively. We cannot
regard the V as an ordinary vector; i.e.

grad( )—uxcurlu

10
hi O&;

(V)i #

The forms (8), (9), and (11) of the gradient, divergence, and curl are clearly inconsistent
with such a definition. Thus the operator

u-V

does not, in itself, make sense. Rather we must define its forms specifically depending on
the operand:
u-Vo=u-(grad ¢)

and 4-u
u-Vu:grad<T> —u X curl u

For advection of a different vector field, we have

-B 1 1 1 1 1
u-VB = grad <UT> —|—§u div B—§B div u—iuxcurl B—§B><curl u—icurl (uxB)

(see Morse and Feshbach).
In terms of the scale factors, we find

1 0

u- (grad ¢) =

ant the i*" component of

Uy, O U Uy, O Uy, O U U; O U Uy, O

= Tt 98m T o B8 o 06 st 06m Tl 08,

hm,

as part of which we can see a term which looks like the dot product of u with the gradient
operator and two terms which depend on the curvature of the coordinate system.
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