
Example of Curvilinear Coordinates

We consider the case of polar coordinates. The coordinate functions are

ξ1 = (x2 + y2)(1/2) ≡ r

ξ2 = atan(y/x) ≡ θ

ξ3 = z

So that

∂

∂xi
ξj =





x/r y/r 0
−y/r2 x/r2 0

0 0 1





and the scale factors are the inverses of the lengths of each of the row vectors:

h1 = 1

h2 = r

h3 = 1

The transformation matrix is given by

γij = hi
∂

∂xj
ξi =





x/r y/r 0
−y/r x/r 0
0 0 1





=





cos θ sin θ 0
− sin θ cos θ 0

0 0 1





From these relationships, we find the gradient

(grad φ) =
1

hi

∂

∂ξi
φ =





∂
∂rφ
1
r

∂
∂θφ
∂
∂zφ





The divergence can be written as

div F = γji
1

hj

∂

∂ξj
γmiF

′

m

=





cos θ − sin θ 0
sin θ cos θ 0
0 0 1









∂
∂r
1
r

∂
∂θ
∂
∂z



 ·





cos θ − sin θ 0
sin θ cos θ 0
0 0 1









F ′

r

F ′

θ

F ′

z





=
1

r

∂

∂r
(rF ′

r) +
1

r

∂

∂θ
F ′

θ +
∂

∂z
F ′

z

1



You can also obtain this from the formula

div F =
1

h1h2h3

∂

∂ξj

(

h1h2h3

hj
F ′

j

)

=
1

r

∂

∂ξj

(

r

hj
F ′

j

)

=
1

r

∂

∂r
(rF ′

r) +
1

r

∂

∂θ
F ′

θ +
1

r

∂

∂z
(rF ′

z)

The curl can be found from

curl F = γilǫljkγmj
1

hm

∂

∂ξm
γnkF

′

n =





cos θ sin θ 0
− sin θ cos θ 0

0 0 1













cos θ − sin θ 0
sin θ cos θ 0
0 0 1









∂
∂r
1
r

∂
∂θ
∂
∂z



×





cos θ − sin θ 0
sin θ cos θ 0
0 0 1









F ′

r

F ′

θ

F ′

z









=





1
r

∂
∂θF

′

z −
∂
∂zF

′

θ
∂
∂zF

′

r −
∂
∂rF

′

z
∂
∂rF

′

θ +
1
rF

′

θ −
1
r

∂
∂θF

′

r





Again this can be obtained from the formula

curl F = ǫijk
1

hjhk

∂

∂ξj
(hkF

′

k) = ǫijk
hi

h1h2h3

∂

∂ξj
(hkF

′

k)

The transformed accelerations look like

A =
∂

∂t
u′

i + γikγmju
′

mγnj
1

hn

∂

∂ξn
γsku

′

s

=
∂

∂t
u′

i + γiku
′

j

1

hj

∂

∂ξj
γsku

′

s

=





cos θ sin θ 0
− sin θ cos θ 0

0 0 1



 (u′
∂

∂r
+

v′

r

∂

∂θ
+ w′

∂

∂z
)





cos θ − sin θ 0
sin θ cos θ 0
0 0 1









u′

v′

w′





Using a product rule and working through the derivatives gives

A =
∂

∂t
u′

i +







(u′ ∂
∂r

+ v′

r
∂
∂θ

+ w′ ∂
∂z

)u′
−

v′2

r

(u′ ∂
∂r + v′

r
∂
∂θ + w′ ∂

∂z )v
′ + u′v′

r

(u′ ∂
∂r + v′

r
∂
∂θ + w′ ∂

∂z )w
′







If we use the vector form

A =
∂

∂t
u+

∂

∂t
u+ grad

(u · u

2

)

− u× curl u

=
∂

∂t
u′

i + u′

j

1

hj

∂

∂ξj
u′

i +
u′

i

hi
u′

j

1

hj

∂

∂ξj
hi −

u′

ju
′

j

hj

1

hi

∂

∂ξi
hj

=
∂

∂t
u′

i + u′

j

1

hj

∂

∂ξj
u′

i + u′

iu
′

j

1

hj

∂

∂ξj
loghi − u′

ju
′

j

1

hi

∂

∂ξi
loghj

we end up at the same point fairly easily.
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